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ASYMPTOTIC ESTIMATES FOR SOLUTIONS QF THE SECOND BOUNDARY VALUE PROBLEM FOR PARABOLIC EQUATIONS
Let .Q be an unbounded domain in Rn. We denote the boundary of Q by dQ.
We consider the second boundary value problem n n (1 ) |f-= ) Uij^'^V x. + XL + c^t » x,u in (0, oo ) x Q , where ¿^(fr xj denotes the inward conormal derivative to (0,<»)x3iPat the point (t,x) . The present work is concerned with the asymptotic estimates for solutions of weak solutions of the problem (1) -(3) under assumptions which allow the coefficients b^ and c to grow to infinity in various ways (see assumption (B)). In proving the main result (see Theorem 1) we make a crucial use of the Guscin form of Sobolev's inequality (3ee [3] and [5] ). The method used here was inspired by the series of GuScin's papers on the second boun--997 -2 J.Chabrowski dary value problem for parabolic equations (see [2] , [3] , [4] and [6] ).
In the sequel we shall use the following notations: 
((0,T-h) x A )
if h >0 and q h e W 1 »1 ((|h| ,T) x A) if h<0. Further additional informations on this subject can be found in [1] or [4] . Throughout the paper we make the following assumptions concerning the coefficients of (1) i.3-1 for almost all (t,x) e (0, 00)x Q and each ^6 ® n * assume also that a^^, b^ and c are measurable in (0,oo)x 52 and moreover the coefficients b^ and c are essentially bounded in D™ " for each T > 0 and H > 0. » 1 r (B) There exists a positive function H(t,x) e C ([0, oo)xQ) such that sup / H(t,x)dx < <*> and t*0 8
for all (t,xj e (0, * Q and 5 = 0,1.
We introduce the concept of a weak solution of the problem (1M3). 
for any T > 0 and for any function 2 € W^'^Dg,) such that £(T,x; = 0 for x efi end ?(t,x) = 0 for t 6 (0,T), | x| > H for some positive constant H.
'i'he fact that u is a weak solution of (l}-(3/ can be stated in another way. Lemma 1. Let u(t,x) be a solution of the prob-
for almost all t 6 (0,°°) and for any function 2 6 ftp' 1 ((0, )* Q ) vanishing for |x| >R for some R 0. roof.
Let ? £ W^' 1 ((0, <*>)* Q) and q (t,x) = 0 for | x | > H and t e (O.ooj, pix t^ > 0 and set
-jfor t^ti t < t^ 0 for t1 ^ t. As the test function in (6) we take 2 (t,x) = ?(t,x) (t).
Taking e -0 in (6) we get (7). Before stating the main result we prove the following Lemma 2. Let u(t,x) be a solution of the problem (1) -(3). Then (8) £u(t,x)%(t,x;dx sgJ*9p(x) 2 H(0,x)dx for t 3s 0. f . Fix two numbers 0 t^ < t2 and let and 2 6 W^»°((t1,t2)x£3) and ?(t,x)=0 for t1 < t < t£ | x| > R. Set
Putting in (6) the Stieklov average ? -h we obtain
It is clear that the last equality can be written in the form 
hold for any positive numbers t^, 3X1(3 e 3» which will be chosjen later.
Substituting these inequalities into (11) we obtain £u(t2,*) 2 H(t2,xK(x) 2 dx + (2>q -2£3 -2>oe2 -Ao£y|)x 
fH-2cH-2H, dtdx < according to the assumption (B) the expression in brackets is nonnegative, hence
for almost all t.( ^ t2 and by the continuity of £u(t,x) 2 H(t,x)dx with respect to t we obtain (8).
I'o state our main result we shall need the following assumption on Q :
Let g be an increasing, continuous and positive function on [0, oo) such that 
Proof.
The first part of the proof follows similar lines to that of Lemma 2. ' Ve use the equality (9) with n -2 ? = u^ri ? , where is the function introduced in the proof of Lemma 2. Letting h -0 we obtain
We now observe that the equality (14) can be written in the form for any > 0. Combining (16) - (20) with (15) we obtain Proof. It follows from the inequality (21) and the condition (5) that
herce /*u(t2,x) 2 H(t2,x) 2 dx ^ ~2* f J t,x) 2 H(t,x) 2 dtdx + % t1 a +Ju(t1,x) 2 H(t1,x) 2 dx for any 0 « t^ < \ Proceeding as at the end of the proof of Theorem 1 we obtain Jf u(t ,x) 2 H( t fx) 2 dx ^ e~2 at f 9 (x) 2 H(0,x) 2 dx for all t ^ 0 and the assertion follows.
To illustrate the estimates (13) and (24) 
